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Chapter 1

Local invariant operators and
dimensional analysis

1.1 Natural units and canonical dimensions

With A = ¢ = 1, mass, inverse length, and inverse time have the same dimension. In d spacetime
dimensions,

S = / dlzL,  [S]=0, [d%]=-d,  [£]=d.
In four dimensions,
3
[¢] =1, [A/L] =1, [w] = 57 [IDH} =1, [EU'V} =2.

For a local operator O; of canonical dimension d;,

Lgpr =Y Ci0;, [Ci] =4 —d;.
i
It is often useful to expose the heavy scale A explicitly:

o
LerT = Lren + Y ATZ_ZLOM
d; >4

where ¢; is dimensionless in four dimensions.

1.2 The building blocks

For local gauge-invariant polynomial operators, one works with matter fields, field strengths, and
covariant derivatives. The gauge connection A, is not by itself gauge invariant; its gauge-covariant
information is packaged into

D, =, —igAST®,  [D,,D,] = —igFa,T°

The statement that “the gauge field does not appear” must therefore be read as a statement about
local gauge-invariant bases; nonlocal Wilson lines are a separate class of observables.
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1.3 Symmetry restricts the operator basis

Operators must be singlets under the spacetime and internal symmetries being imposed. For a
real scalar with no additional symmetry, the renormalizable four-dimensional Lagrangian may
contain

L= 5(0,8)(0°0) — (wo+ ym?6? + 260+ 10t

A Zg symmetry ¢ — —¢ removes odd powers. For a complex scalar with a global U(1) symmetry,
¢ — ¢, the potential is a function of ¢f¢:

V=m?olp+M010)" + -

Representative invariant structures are summarized in table 1.1.

Table 1.1: Basic invariant operator structures in four dimensions.

Category schematic field content representative operator
Scalar potential ¢" (pTp)"

Scalar kinetic ~ ¢2D? (D,¢)tDro

Fermion kinetic  ¢?D iq/}y“DMZ)

Gauge kinetic X? —%Fﬁl,F“/“’

Yukawa V2o Vi)

1.4 Total derivatives and IBP equivalence

Two Lagrangian densities that differ by a total derivative give the same action when the corre-
sponding boundary term vanishes:

L=CL+0,J" §—8=[ du,J"
oM

A manifold without boundary is sufficient, but not necessary; appropriate falloff or boundary
conditions are equally adequate.



Chapter 2

Hilbert series and plethystic
exponentials

2.1 Generating invariants

For a single complex scalar with U(1) charge +1, the only polynomial invariants are powers of
#T¢. Introducing a grading variable ¢,

H(t)y=> t" = T
n=0

The grading variable should be distinguished from the field itself; this makes the Hilbert series a
genuine generating function for operator degree.

For two real singlet scalars ¢1, ¢2, the degree-two monomials are

d)%v ¢1¢27 d)ga
so the multiplicity at degree two is three.
2.2 Molien—Weyl projection
The singlet part of a representation is projected by Haar integration. For the U(1) example,

dz 1 1
®) j{zl 2miz (1 —tz)(1 —tz71)  1—1¢2

More generally, if fields transform in representations R; of a compact group G, the Hilbert series
is a group integral of a plethystic generating function,

H({t:}) = /Gduc PE lz tiXR,

9

with a fermionic modification for Grassmann fields.

2.3 Plethystic exponentials

For a bosonic single-particle character f(x),

PEg[f](z) = exp [

Il
—

R
S =
~
0
—_

T

3
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which builds symmetric tensor powers. For fermions,

oo 1\r+1
PEpr[f](z) = exp lz (Df(xr)] ,
r=1

r

which builds antisymmetric tensor powers. If a field ¢ in representation R is assigned fugacity t,
then

PEg[txr(z)] = exp [Z ZXR(ZT)] :

r>1

Characters multiply under tensor products:
Xror (9) = xr(9)xr (9);

and compact-group character orthogonality,

/G du(g) xal9) xr (9) = Orm,

explains why Haar integration extracts singlets.



Chapter 3

Compact Lie groups, maximal tori,
and SU(N) characters

3.1 Maximal tori and rank

A torus in a compact Lie group is a compact, connected, abelian subgroup. A maximal torus 7 is

maximal under inclusion, and
rank G = dimT.

For U(N), | |
Tyny = diag(elel, e eleN),

whereas for SU(N) the determinant-one constraint leaves N — 1 independent phases.

3.2 A useful SU(N) torus parametrization

Introduce z; € U(1) for i = 1,..., N — 1 and define the defining-representation eigenvalues
€1 = %1, (3.1)
ek:zk__llzk, 2<EkE<N -1,
EN = 2;,1_1.

Then [TY_, €, = 1 automatically.

3.3 Dynkin labels, partitions, and Young diagrams

For SU(N) an irrep is labelled by nonnegative Dynkin labels
(al, as, ... ,aN_l).

Equivalently, define row lengths
N-1
Ae= ) ai, k=1,...,N—1, Ay = 0.
i=k

The Young diagram has Ay boxes in row k. A full column of N boxes is trivial in SU(N), so one
conventionally works with at most N — 1 nonzero rows.

5
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3.4 Weyl character formula for SU(N)

For partition A = (A1,...,An),

Aj+N—-j\N
~ det (¢ o) et

N—i\N
det( € ])ijzl

with Vandermonde denominator

1<i<j<N

3.4.1 SU(2)
Take € = (2,27 1). The first few characters are

x1 =1, x2 =242t x3:z2+1+z_2,
and the tensor-product check is

Xa=xs+x1, <= 202=3@1.

3.4.2 SU(3)

With € = (21,21_122722_1),

Z9 1 _ _
X3 =%21+—+— X§:X3(Z11722 1),
z1 Z9

and

xs=x3xz—1, <= 3®3=891

3.5 Weyl integration formula and Haar measure

For a class function f on a compact connected group,

1
ducf = fduT (1—2%)(1 =27 f(2),
ot = i e TL
where W is the Weyl group. In particular,

dzk
/SU( w7 N' H ]{ A A f(2).

|z |=1 27r1zk

For SU(2) this becomes

[awsvenfe) =5 § S1- 20 25,



Chapter 4

Lorentz and conformal representations

4.1 The noncompactness issue

The four-dimensional Lorentz group SO (3,1) is noncompact, so nontrivial finite-dimensional
representations are not unitary. Nevertheless, local fields transform in finite-dimensional Lorentz
representations, conveniently labelled after complexification by two spins (jr, jr)-

The conformal real form depends on signature:
Lorentzian (3,1): SO(4,2), Euclidean 4d :  SO(5,1).

In general, the conformal group of signature (p, q) is locally SO(p + 1,q + 1).

4.2 Four-dimensional Lorentz characters

For SU(2), ‘ ' '
Xj(z) =2 + 2272 4 7
Hence
X(jL,jR) (Oé, /8) = Xjt (a)XJR(IB)

The vector transforms as (%, %) The two chiral parts of an antisymmetric field strength transform

as
FLN(17O)7 FRN(071)7

with F g = %(F +iF ) in a common Minkowski convention.

4.3 Conformal descendants in four dimensions

The derivative-generating denominator is
1
(1= Dap)(1 - Da/B)(1 = DB/a)(1 - D/(af))

A generic long conformal multiplet with primary [A;(jr,jr)] has character

Xlong = DAXjL (a)XjR (6)P(Da «, /3)

Shortening subtracts null descendants. For free fields,

P(D;a,f) =

Xs = D(1 - D*)P, (4.1)
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Xor = D*2P [x12(0) = Dx12(8)] ,
Xyr = D*?p [X1/2(5) - DX1/2(04)} )
Xk, = D?P [xa(@) = Dxapp(@)xia(8) + D7

XFr = XFL|Q(_>5'

The subtractions implement equations of motion and, for field strengths, Bianchi/conservation-type

null relations.

For completeness, the generic four-dimensional short characters underlying those examples are

X[jr+ir+2:GL.dr)] = Dirtint2p [XjL(a)XjR(B) - DXijl/Z(a)Xijl/Z(ﬁ)} )
Xpjt1Goy) = DITP [Xj(a) — Dxj_12(a)x1/2(8) + D2Xj_1(a)} :

JLjr #0, (4.6)

(4.7)

with the (0, j) formula obtained by « <+ 8. Terms with a negative spin label are absent. The free

scalar is the special isolated case D(1 — D?)P.

4.4 Even-dimensional SO(2r) characters

For D, = SO(2r), a robust form of the Weyl character formula is

Y wew(p,)(—1)( 20 +0)
xale) = S wew (p,) (—1){wzwle)
In the standard node convention, if A = (¢1,...,¢,) then
a; = ;i — iy, 1<i<r—2,
ar—1 =Llr_1 — ¥y,
ar =bp_1+4,.

The root system is +e; & e;, and the Weyl group has order
|W(D,)| = 2"l
The Haar factor may therefore be written as the product over positive roots,

H(l — ZiZj)(l - Zi/zj)(l - Zj/zi)(l B Zi_lzj_l)'

For an even-dimensional vector descendant tower,

T — - !
P (q,z) = L[l (1—qz)(1—q/z)

(4.10)



Chapter 5

IBP, EOM, conformal modules, and
EFT counting

Source-note pages: }7-88.

5.1 Three distinct equivalence relations

It is essential to distinguish:

(i) algebraic identities (group identities, Fierz identities, Bianchi identities),
(ii) integration-by-parts equivalence in the action,

(iii) EOM redundancy generated by field redefinitions.

For IBP,
01— Oy =900 = /ddac(’)l ~ /ddm(’)g

when the boundary term vanishes. For EOM redundancy, an operator proportional to the lower-
order EOM can be removed order by order by a local field redefinition. It is not literally zero off
shell.

5.2 Derivative partitions and why d > 1 is harder

In a one-dimensional or purely schematic scalar problem, the difference of partition numbers can
count structures modulo a total derivative. In more than one spacetime dimension, derivatives
carry Lorentz indices, different tensor contractions exist, and commutators generate field strengths.
The simple integer-partition subtraction therefore does not by itself solve the full EFT operator-
counting problem.

A useful conceptual description of IBP is cohomological: local operators form a complex under
the exterior derivative, and top forms modulo exact forms capture action densities modulo total
derivatives. This viewpoint explains the exceptional terms that appear in conformal-character
Hilbert-series formulae.
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5.3 Conformal algebra and highest-weight modules

In d dimensions the conformal algebra is generated by translations P,, rotations/boosts M,
the dilatation D, and special conformal generators K,,. With Hermitian generators in a common
Lorentzian convention,

(D, P,] =iPy, [D,K,] = —iK,, (5.1)
[M;uxy Pp] = i(nupPI/ - nupPu)a [Mw/a Kp] = i(nupKV - anKu)a
[Kua PI/] = 2i(nuuD - M,uu)- (53)

Changing from Hermitian to anti-Hermitian generators removes the explicit factors of i; this
explains several sign differences among textbooks.

In radial quantization, a primary state |A, ¢) obeys
K, |A0) =0, DIAl) =1A|A L)

(up to the Hermiticity convention), and descendants are generated by arbitrary products of P,.
Since the translations commute, the level-n descendants lie in

Sym™(0) ® .
This is the representation-theoretic origin of the momentum-generating function P4 used below.

For even d = 2r, an element of the vector torus has eigenvalues (1, xfl, <o, Ty @, ), hence

- 1 1

P (g;z) = Y q"Xsymn () () = = :
(6:2) = 2 "xsmro @ = 1l =050 =070 ~ deon —w)

5.4 Unitarity bounds and shortening

For four-dimensional conformal primaries [A; (jz,jr)], the standard unitarity bounds are
A>jr+ir+2, jLjr#0,
A>jr+jr+1, exactly one of jr,jr is nonzero,
A>1, Jjr=Jjr=0.

Saturation creates null descendants and thus shortened characters.

In general d, a scalar obeys

a spinor obeys
A > E’
-2

and a symmetric-traceless spin-f > 1 primary obeys
A>0+d-—2.

At saturation, the latter is a conserved current.

For a free scalar at the bound, the descendant tower has the EOM subtraction
Xfree scalar(q7 Z) = q(d72)/2(1 - qQ)P(d) (Q7 Z)

10
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The factor (1 — ¢?) follows directly from the symmetric-traceless decomposition
XST™(@) = XSym™(d) — XSym"~2(0)»

because the trace descendant is proportional to 9%2¢ and vanishes in the free conformal module.

For a conserved current J, with A =d —1,
0"J, =0
creates a scalar null at dimension d, hence
XJ = X[d-1,00 — X[d;1]
In four dimensions, the self-dual field strength has the inclusion—exclusion character
X, = D*P(D; e, B) [x1(@) = Dy ja(e)xa 2(8) + D

with the anti-self-dual expression obtained by « <+ 3. The first subtraction corresponds to the
Maxwell /Bianchi null relation; the D? term restores the relation among those null descendants
themselves.

5.5 Master Hilbert-series formula with derivatives

A convenient schematic form is

+ AH.

H= / dpLorentz Aftinternal PE lz ®; xi(D; z; 9)

%

1
P(D;z)

Here the single-particle characters y; are already EOM-shortened. The factor 1/P removes generic
total-derivative descendants. The additional term AH is an exceptional cohomological correction;
omitting it is not always valid.

5.6 Standard Model representations

The gauge group is
GSM = SU(B)C X SU(Q)W X U(l)y.

A quark doublet has
Q ~ (3,2)1/6.

At the level of Lorentz representations,
H:(0,0), r:(3,0), ¢r:(0,3), Xr:(1,0), Xgr:(0,1), D,:(3,3).

When all fermions are written as left-handed Weyl fields, the conventional SMEFT variables
u®, d¢, e transform in conjugate gauge representations and carry opposite hypercharges relative to

the corresponding physical right-handed fields. This convention must be fixed before constructing
the PE.

A generic monomial
qrL ./, 9dR T SL SR
PP VR D X Xy
has canonical dimension

3
d=p+§(QL+QR)+7”+2(SL+SR)-

11
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5.6.1 Single-particle PE arguments for the Standard Model

For a Hilbert-series implementation, each building block is assigned a field-counting spurion and
multiplied by its Lorentz and gauge character. Schematically,

H: Hw(&aﬁ)xi””(w) 12, (5.4)
HY: HYx4(D;a,8)v5" P (w) y=2, (5.5)
Q: Qv (D, B) x5 De)xa P (w)y'S, (5.6)
L: Lyxy, (D;a,8)x3" @ (w)y=72, (5.7)
Br: Brxr, (D;a,f), (5.8)
Wr: Wrxr (Dsa,B)xs 2 (w), (5.9)
Gr: Grxr(Dia,B)xs P (o), (5.10)

with analogous right-chiral field strengths. Fermion entries go into PEp; bosonic entries go into
PEp. Hypercharge singlets are projected by

fyoram
lyl=1 27y’

while the nonabelian singlets are projected by their Haar measures. This is the precise version of
the field-by-field plethystic argument written on source pages 74-76.

5.7 Polynomial to Covariant form of operators

The monomials are reduced to the same basis classes after IBP, EOM, and algebraic identities.

5.7.1 Total derivatives

Examples such as D?¢ or ¢$D? should first be embedded in a complete gauge/Lorentz singlet. A
representative identity is

D, (¢'D"¢) = (D) D" + ¢/ D,
so inside the action
¢'D%) ~ —(Dye) D',
For field strengths,
D,D, X" = %[Du, D, | X,

because the symmetric derivative part contracts an antisymmetric tensor. The commutator then
produces an additional field-strength insertion.

5.7.2 Fermion bilinears
The chirality-preserving vector currents are
by, YRR,

whereas scalar bilinears mix chiralities, such as 1 1r. Tensor bilinears are most transparently
treated in two-component notation, where self-dual and anti-self-dual tensors couple to the
corresponding chiral spinors.

12
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A derivative acting on a fermion in an EFT monomial can be decomposed into a gamma-trace
and gamma-traceless part. The gamma-trace is EOM-redundant at leading order because

i D = ma) + interactions.

Similarly, the gauge EOM converts D, X" into matter currents. Thus structures denoted
schematically by D2X?2, 42¢D?, or 12X D in the source should be understood as starting points
before basis reduction.

5.7.3 A representative IBP identity
For a fermion current times a scalar current,
Dy, [(7"9)(67)] = (Duth)v" (670) + v Dyutp (676) + (99"1) Du().

The integrated total derivative vanishes under the usual boundary conditions, establishing one
linear relation among the three displayed operator structures. EOM may then be used as a second,
conceptually distinct reduction.

5.8 Useful group and spinor identities

For Pauli matrices 7/,

(T1)ij (71 = 26005 — 6ij0m1-
For SU(3) generators T4 = \4/2,

1 1
(TA)ij(TA)kl = §5il5jk - 651]5“

With o = (1,5) and o* = (1, —&) in mostly-minus signature,
(0")oa)" = 20,75

Signs in identities involving two undotted o matrices depend on the e-tensor conventions and
should not be mixed across sources.

For a single commuting Higgs doublet,

(H'r'H)Y(H't'H) = (HTH)2.

5.9 Dimension-six SMEFT operator classes

A useful class decomposition is
XS, HG, H4D2, )(2]3’27 ¢2H3, wQXH, QpQHQD, 77/}4'

These are classes, not individual operators. “Warsaw basis” denotes a particular nonredundant
basis choice; “SILH” denotes a different organization/basis adapted to certain strongly-interacting-
Higgs scenarios, not an extra unique operator class.

13



Chapter 6

PDE preliminaries, semigroups, and
integral transforms

6.1 First-order flows

Given a time-independent vector field { = £#0,, and generator L = £#0,,, the formal solution of
(at - L)U(t,fﬂ) = 07 ’LL(O,.T}) = f(l')

is
u(t) = e f,

provided L generates an appropriate flow/semigroup on the chosen function space.

6.2 Second-order operators and ellipticity
For

A =a"(x)0,0, + V' (x)0, + c(z),
the PDE type is determined by the principal symbol

o2(A)(x,&) = a™(x)ué.

A real symmetric principal part is elliptic when this quadratic form is positive (or negative) definite
for every £ # 0. Uniform ellipticity strengthens this to a bound

a6 > cl¢)?,  e>0.

Lower-derivative terms do not determine elliptic/hyperbolic/parabolic type.

6.3 Heat semigroups

If A > 0 is self-adjoint, then
e A t >0,

)

is a contraction semigroup. In general it need not extend to a bounded group for negative t; saying
that the inverse is simply “undefined” is too strong, because its existence depends on spectrum,
domain, and function space.

14
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For discrete spectrum A¢,, = A\, ¢n,

K(t;z,y) = e on(a)dl(y).

n

For a complex self-adjoint problem,
K(ta,y) = K(ty,2)',

not necessarily K (t;z,y) = K(t;y,z) without a reality condition. If the heat operator is trace
class,

Tre 4 = /d,u(x) tr K (t; x, x).

6.4 Laplace and Mellin transforms

The Laplace transform and Bromwich inverse are
00 1 c+ioco
F(s) = / dtef(),  ft) = — / ds e F(s).
0 271 Je—ioo
The Mellin transform is

MIAE = [T
with inverse along a vertical line inside the fundamental strip. Under ¢ = e*, it becomes a Fourier
transform in & up to a simple exponential weight.
The gamma function has simple poles at s = —n, n=0,1,2,..., with
—1)n

Ress=—p, I'(s) = ( o

Poles of a Mellin transform encode asymptotic powers (and multiple poles encode logarithms). The
resulting small-¢ series is generically asymptotic; analyticity and remainder control are required
before claiming convergence.

6.5 What the mass exponential suppresses

In a proper-time integral, e =™ *t suppresses the large-t region. UV divergences arise from t — 0,
so the mass factor is not by itself a UV regulator. At fixed positive ¢, S suppresses large

momentum, and its Fourier transform gives the familiar Gaussian in coordinate space.

15



Chapter 7

Heat kernels and the one-loop
effective action

7.1 From a general second-order elliptic operator to Laplace type

The source begins from a local second-order operator
L = —a"(2)0;0; + b'(x)0; + c(x).

If ¥ = g% is the inverse of a Riemannian metric, the first-derivative term can be absorbed into a
bundle connection. One then rewrites the operator in Laplace form

L=—g %0+ Ai) g"%¢7(0; + Aj) + Q.
For constant ¢* this reduces to
L= —gij(ai + Ai)(aj + .A]) + 0.

This completion is the geometric reason why a generic elliptic quadratic fluctuation operator can
be handled by heat-kernel methods once its principal symbol is of Laplace type.

For a constant abelian connection A; commuting with @, the kernel is simply the free Gaussian
multiplied by a parallel-transport factor and e *2. For noncommuting or space-dependent
backgrounds, path ordering/parallel transport replaces that elementary exponential.

7.2 Laplace-type operator and free kernel

We now adopt the consistent Euclidean convention

A=-D*4+M*+U| Q. =[D.D,)

The heat kernel solves
(O + Ag)K(t;z,y) =0,  K(0;7,y) = d(r — y)1.

In flat space with U = 0 and trivial connection,

1 T —1y)?
Ko(t,l',y) = Wexp [—m — MQt] 1.

16



Effective Field Theory Digitized and technically edited

7.3 Small-t expansion
Factor the free kernel,
K(t;z,y) = Ko(tz, y)H(t; 2, y),

and use the asymptotic expansion

< (_pk
H(t;z,y) ~ Y ( k,) be(z,y), t—0T.
k=0 ’

It is a short-time asymptotic series; it is not justified by large-t convergence.

If one temporarily uses the source-paper derivative notation D, and z = x — y, the recursion is
(k4 z- D)b, = k(D* 4 U)bj_1,

with the understanding that the sign of D? is tied to the paper’s convention. The invariant
coincidence coefficients below are conventionally safer than manipulating this recursion without
fixing signs.

7.4 Recursion relation used in the handwritten and typed deriva-
tions

With z# = (z — y)* and in the source derivative convention, substitution of

(1"
K =Koy b
k>0 ’

into the heat equation gives

(k4 z-D)b, = k(D* 4 U)bg_1 |

After applying m covariant derivatives and taking z — 0,

1
m+ k

)

{]{:Dul ... _Dum(_D2 =+ U)bk—l — Tul'“umbk}

where

Tyroopiry = Dy - Dy, (2 D)| _g —mDy, -+~ Dy,

2=0

The useful recurrence
Ty = Dy Tty + Bpeoopi o » Rygeopimps = [Dpz =+ Dy Dy,

reduces every T to commutators G, = [D,, D,] and their covariant derivatives. In particular
T, =T, =0and

Tyuww = —2G Gy — 2J,D,, Jy=D,G,
with the sign tied to the source’s D convention. This is the computational engine behind the
b1, ba, b3 pages.
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7.5 Coincidence coefficients

For flat spacetime, with G, = [D,, D,], J, = D,,G,,,,, and semicolon denoting covariant differ-
entiation, the traced/coincidence structures quoted in the source paper and checked against the
inserted typed pages are

tr[bo] = tr1, (7.1)
tr[by] = tr U,
1
trfba] = tr [UQ + GG (7.3)
1 1
tr[bg] = tr [U3 — §(UW)2 + UGG — OJ vy + 15GWGW,GW : (7.4)

These are reduced under the trace/integral; total derivatives have been removed. The unreduced
local coefficient contains additional derivative terms such as U, .

For example, the local second coefficient before discarding a total derivative is

1 1
[b2] =U? + EGW/GHV + gU;W

7.5.1 The longer b, structure

The inserted page also records the following reduced b4 expression:

4 1 1 2 2
trlby] = tr [U‘* + U?U, 0 + gU2(G,w)2 + g(UG,W)2 + 5(UW)2 — U0, = gU(JM)Q (7.5)
2 4 1
+ —U;W(G o)+ —UGWGVPGW +7 UVMGpMGpV + 3= (i )? (7.6)
17 ) )
105 G,WJ Ju + 42O(GWGpo—) 21O(G ) (Gpo) (7.7)
105 G,ul/GqupaGau ‘|’ (G,uuGup) 105 JI/ [LGVO'GU,U,:| (78)

For matrix-valued U and G, products are ordered as written inside the trace.

For completeness, the selected terms written on source page 126 are transcribed below. The
vertical bar indicates the subset of operator classes retained in that source:

2
te{bsys s o pe = tr [UP + 20Uy + UX(U)2 + USG2 + SU7Cu UG, (7.9)

1 1 1 1
- §U2U;#Ju - gUzJ#UW + 3UGwUuUy + SUULU G (7.10)

2
+ UUuulUpw + gU;uu(U;u)Q + O(D6U2)}7 (7.11)

where G2 = GG - The selected bg terms are

17

tefbg]yo o s = tr [US + 38U, + 205 (U,,,)? L2 - U, + 17 (Uul)” (7.12)
- §UUWUU;,W - 7UWUWU;,,U + 7UWUWUU;,, (7.13)
26 9 5 18
+ 7U'VMUU§HU'V+§(U' ) (UL) + —GWUUWU. U (7.14)
+ 5U4G2 + 8U3GWUG v+ 8GWU,#UQU + 13 ) (UZGW) (7.15)
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26 8 24 2
+ S GuUpUUU + ZGuUU U, + 7G,WUWU;,,U2 - ?GWWUWU;V}.
(7.16)
Finally,
9
tr[br]yr ge = tr |UT — 5U(U,)* — 8UPU,UU,, — §(U2UW)2 . trlbg]ys = tr[UP).

These last three displays should not be mistaken for complete bs, bg, b7, bg coefficients.

7.6 What may be used in deriving the coefficients

The heat-kernel recursion is an off-shell statement. One may use algebraic commutator identities
and Bianchi/Jacobi identities freely. IBP is permitted only after passing to the integrated traced
coeflicient. Classical EOM should not be used to derive universal heat-kernel coefficients.

7.7 One-loop determinant and proper time

For a real bosonic fluctuation with quadratic operator A,
m_ 1
"= B Trin A.

For a complex scalar the prefactor is 1, and for a Grassmann field the sign is reversed. The formal

In)\ = —/ @e_t’\
o t

is divergent by an additive constant. A precise form is, for example,

lnlj\2 = —/OOOdtt (e_t)‘ —e_t“2> .

Using the heat-kernel expansion in d dimensions gives

identity

1) s (DR o d
Lo = (4w)d/21§ e Uty R}

where ¢, = 1/2 for a real scalar and ¢; = 1 for a complex scalar.

In d = 4 — ¢, the poles for £ = 0, 1,2 renormalize operators of dimension at most four. In an
MS-type convention the finite terms have the familiar schematic dependence

M? M? M?
it (M3 bo, M?*[1-In=— b, In— by,
12 9 112 u2

with overall factors determined by the field multiplicity and the precise subtraction convention.
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Chapter 8

Fermions, bosonization, and
nondegenerate heavy masses

8.1 Bosonizing a fermionic determinant

For a Dirac operator coupled to scalar/pseudoscalar backgrounds, the source notes follow the
standard strategy of multiplying first-order operators to obtain a Laplace-type problem. In the
conventions of the cited dimension-eight fermion calculation, one may write

' i D2 2
L =—5trn |~ P2+ M} + Uy,

with

UfZY—f—QMfE, (8.1)

Y =S +ivsR, (8.2)

1

Y =00 Fu + S? 4 3R% — (PS) + iv5(RS + SR), (8.3)

P, = P, — ivs7.R, (8.4)

é’uu = F/w + F,uua (8'5)

T = iv57u(PoR) — 57 (PuR) + 20, R2. (8.6)

The exact signs here are convention-dependent; the displayed set is internally tied to the source
paper’s definitions.

8.2 Multiplicative anomaly

For zeta-regularized determinants, Indet(AB) need not equal Indet A + Indet B without an
anomaly term. In the source paper’s even-d construction,
A=23 L Qilbgpl,  Q :Zm-
j=1

Jt =
For d = 4,

4
A= —2M7[b1] + gM}‘[bO].

Thus, in this setup the anomaly affects only low-dimensional (renormalizable) structures, not the
genuinely higher-dimensional EFT terms.
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8.3 Nondegenerate heavy masses

If the mass matrix does not commute with the interaction,
[M?,U] # 0,
one cannot pull e M ? through the interaction. Introduce an interaction-picture operator
Ajr(s) = SM* posM?

and use the Dyson expansion
¢
e tMPHA) _ o tM? oy [—/ ds AI(S)] .
0

Matrix elements then generate simplex integrals and divided-difference loop functions. More
explicitly, with s; = ta; and 0 < i, < -+ < a1 < 1,

T exp [—/OtdsAI(s)} :1+§::1(—1)n/0td81/081d32“'/08

For a diagonal mass matrix, each matrix element carries exponentials such as

n

-1
dsn A[(Sl) cee A[(Sn).

M2 —M?
(Ar(s))is = M) 4y,
which is why the proper-time integrations produce ratios of mass differences and logarithms. This
also explains why apparently singular denominators have finite coincident-mass limits.

For two masses it is convenient to define
2 _ g2 2
Ay = My — M3,

where the superscript on A2, is part of the notation for a difference of squared masses, not a
further square. A coefficient displayed in the source notes is

MPI(M/u?) | M3 In(M3/p?)

Cipo=1- )
A, A,

for a quadratic structure Cy; tr(U;;Uj;). A cubic example is

1 M} In(ME/M3)
Cla2 = 75— 2)2
Ay (A)

Such expressions are smooth in the degenerate limit after the appropriate divided-difference limit
is taken; one should not substitute My = M, before taking that limit.

8.4 Matching and the hard region

A local Wilson coefficient is obtained from the hard part of the UV theory after subtracting EFT
contributions that reproduce the same infrared physics. In diagrammatic language this is the
method-of-regions/matching statement; in functional methods the same separation appears in
the heavy/light fluctuation operator. Individual hard and soft pieces can be scheme-dependent,
whereas matched physical amplitudes are not.
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Chapter 9

Background-field example: massive
scalar QED

Source-note pages: 137-141; pages 142-146 are blank.
A representative starting Lagrangian in the source notes is
1

1
F F* + iMjAMA“ — i(a - A)? 4+ (D, ®) D' — m*®Td —

A

1
Z Z(oTd)?
6( )7

£=-3
with D, = 0, —ieA,. Write
® = (01 +100)
and split every field into background plus fluctuation,
bi = bi + i A=A, +ay.

The quadratic action is

] A A Ay m
52 — §/d4x (7;1 79 a'u> Agr A Ay, 2
A/’«l AUQ ANV ay

The entries follow from the Hessian

528
Aap(®.9) = 5 on @)

A judicious background-field gauge can remove first-derivative scalar—vector mixing and put the
Hessian into Laplace type, after which the heat-kernel machinery applies directly. The source ends
this segment with the exercise of extracting the one-loop effective Lagrangian through dimension
six.
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Chapter 10

Green functions, short-distance
singularities, and multiloop structure

10.1 Green function from the heat kernel

For positive A,
G(z,y) = A7 (z,y) = / dt K (t;z,y).
Jo

Using the heat-kernel series yields

G(fL‘,y) ~ Zgn(z)gn(fc,y), Z=T—Y,
n=0

where
— (_Un/oo n—d/2 2 5
gn(2) = (A7) 32 Jo dit exp % M=t (10.1)
—1)79 p n+l—d/2
- n(|(47r))d/2 (2]\/‘1) Koy1-a/2(M|z]). (10.2)

At coincidence, dimensional regularization gives

gn(0) = TL!((;;;Z/QF (n +1-— g) MA—2n—2

The small-z singularities follow from the small-argument expansion of the modified Bessel function
K,.

10.2 Local distributional poles

With the Fourier convention
F) = [ dtze s,

one has, by analytic continuation,
/ d?z

d
a:§+n—|—(, n=20,1,2,....

ek I'(d/2 —a)

_ 9d—2a_d/2 2ya—d/2.
2y @ )
Set
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Then the pole is local:

1 (_1)n+1,/_rd/2 1

= ~(_a2\yns(d) .
(2’2)(1/2+n+( - 4nn!F(d/2+n) C( 0 ) 1) (z) —l—ﬁmte,

for the stated Fourier convention.

Numerator factors can be generated by differentiation. For example,

zu_l 1

(22)a+1 T 92 :“(ZQ)a’

which is a safer way to derive tensor distributions than memorizing convention-sensitive formulas.

10.3 Loop topology counting
For a connected vacuum graph with V vertices of valences m; and I internal lines,
1< 1
Izigmi, L:I—V+1:1+§Zi:mi—v.

At two loops, the familiar scalar vacuum topologies are the sunset/theta graph and the figure-eight
graph. At three loops, additional graph-isomorphism classes arise, and identifying insertion points
in a multi-vertex skeleton produces the degenerations sketched on source pages 163—-164.

10.4 Schematic vacuum topologies

@

one-loop tadpole
two-loop sunset/theta two-loop figure-eight

The numerical symmetry factor of a vacuum graph depends on the normalization of the interaction
vertices. It should be derived from the expansion of exp(—Sin) rather than attached to a topology
without specifying the Lagrangian convention.

24



Appendix A

Reconstruction of the typed b1, b9, b3
calculation

The typed insertion on source pages 119-125 derives coincidence coefficients using a recurrence.
The clean way to retain its pedagogical content is to separate the local coefficient from the
integrated traced coefficient.

At coincidence,
[bo] = 1, 1] = U,

and 1 1
[52] =U? + EGHVGLW + gU;/w'

After integration and trace, the last term is a total derivative (under standard boundary assump-

tions), giving
1
/ddas tr[ba] = /ddx tr <U2 + 6G2> .

At the next order, the local expression contains several total derivatives. After cyclic trace
identities, Bianchi/Jacobi identities, and IBP, one reaches

1 1 1 1
/ddx tr[bs] = /dda: tr {US — §(U;M)2 + iUGZ - 1—0J2 + 1—5GWGV,;GW .

No classical field equation is required.
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Appendix B

Quick-reference formula sheet

[S]=0, [L]=d, [¢]=(d-2)/2, [@Z}]Z( -1)/2,

7"—1—1
PEB _eXpZ.f _expz f( )’
r>1 r>1
suv) _ det(e” ™)
det( )
P(D;a,§) = 11 (1-Duw)™,

wef{af,a/B,8/a,(aB)~1}
Apk = D>+ M>+ U,  Ko= (4nt)" 42 (0-v)/4=0%

1

(47r)d/2 Z k') MM (k — d/2) tr{bg],

1
Ll =

G(z,y) :/ dt K(t;z,y),
0
Lgraph:I—V—i—l.

26



References used for technical
verification

1]

F. A. Dolan, “Character Formulae and Partition Functions in Higher Dimensional Conformal
Field Theory,” J. Math. Phys. 47 (2006) 062303, arXiv:hep-th/0508031.

B. Henning, X. Lu, T. Melia and H. Murayama, “Hilbert series and operator bases with deriva-
tives in effective field theories,” Commun. Math. Phys. 347 (2016) 363, arXiv:1507.07240.

B. Henning, X. Lu, T. Melia and H. Murayama, “2, 84, 30, 993, 560, 15456, 11962, 261485,
.... Higher dimension operators in the SM EFT,” JHEP 08 (2017) 016, arXiv:1512.03433 /
related conformal-Hilbert-series development.

B. Grzadkowski, M. Iskrzynski, M. Misiak and J. Rosiek, “Dimension-Six Terms in the
Standard Model Lagrangian,” JHEP 10 (2010) 085, arXiv:1008.4884.

D. V. Vassilevich, “Heat kernel expansion: user’s manual,” Phys. Rept. 388 (2003) 279,
arXiv:hep-th/0306138.

A. Drozd, J. Ellis, J. Quevillon and T. You, “The Universal One-Loop Effective Action,”
JHEP 03 (2016) 180, arXiv:1512.03003.

J. Ellis, J. Quevillon, T. You and Z. Zhang, “Extending the Universal One-Loop Effective
Action: Heavy-Light Coefficients,” JHEP 08 (2017) 054, arXiv:1706.07765.

U. Banerjee, J. Chakrabortty, C. Englert, S. U. Rahaman and M. Spannowsky, “One-loop
Effective Action up to Dimension Eight: Integrating out Heavy Scalar(s),” arXiv:2306.09103.

J. Chakrabortty, S. U. Rahaman and K. Ramkumar, “One-loop Effective Action up to
Dimension Eight: Integrating out Heavy Fermion(s),” Nucl. Phys. B 1000 (2024) 116488,
arXiv:2308.03849.

27



	Local invariant operators and dimensional analysis
	Natural units and canonical dimensions
	The building blocks
	Symmetry restricts the operator basis
	Total derivatives and IBP equivalence

	Hilbert series and plethystic exponentials
	Generating invariants
	Molien–Weyl projection
	Plethystic exponentials

	Compact Lie groups, maximal tori, and SU(N) characters
	Maximal tori and rank
	A useful SU(N) torus parametrization
	Dynkin labels, partitions, and Young diagrams
	Weyl character formula for SU(N)
	SU(2)
	SU(3)

	Weyl integration formula and Haar measure

	Lorentz and conformal representations
	The noncompactness issue
	Four-dimensional Lorentz characters
	Conformal descendants in four dimensions
	Even-dimensional SO(2r) characters

	IBP, EOM, conformal modules, and EFT counting
	Three distinct equivalence relations
	Derivative partitions and why d>1 is harder
	Conformal algebra and highest-weight modules
	Unitarity bounds and shortening
	Master Hilbert-series formula with derivatives
	Standard Model representations
	Single-particle PE arguments for the Standard Model

	Polynomial to Covariant form of operators
	Total derivatives
	Fermion bilinears
	A representative IBP identity

	Useful group and spinor identities
	Dimension-six SMEFT operator classes

	PDE preliminaries, semigroups, and integral transforms
	First-order flows
	Second-order operators and ellipticity
	Heat semigroups
	Laplace and Mellin transforms
	What the mass exponential suppresses

	Heat kernels and the one-loop effective action
	From a general second-order elliptic operator to Laplace type
	Laplace-type operator and free kernel
	Small-t expansion
	Recursion relation used in the handwritten and typed derivations
	Coincidence coefficients
	The longer b4 structure

	What may be used in deriving the coefficients
	One-loop determinant and proper time

	Fermions, bosonization, and nondegenerate heavy masses
	Bosonizing a fermionic determinant
	Multiplicative anomaly
	Nondegenerate heavy masses
	Matching and the hard region

	Background-field example: massive scalar QED
	Green functions, short-distance singularities, and multiloop structure
	Green function from the heat kernel
	Local distributional poles
	Loop topology counting
	Schematic vacuum topologies

	Reconstruction of the typed b1,b2,b3 calculation
	Quick-reference formula sheet
	References used for technical verification

